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CONFORMAL HYPERSURFACES WITH THE SAME GAUSS MAP

MARCOS DAJCZER AND ENALDO VERGASTA

Abstract. In this paper we provide a complete classification of all hypersur-

faces of Euclidean space which admit conformai deformations, other than the

ones obtained through conformai difteomorphisms of the ambient space, pre-

serving the Gauss map.

Elie Cartan, in one of his earlier papers in differential geometry, classified

all Euclidean hypersurfaces, of dimension at least five, which admit conformai

deformations other than the trivial ones obtained through compositions with

conformai diffeomorphisms of the ambient space. When all possible conformai

deformations are trivial, a hypersurface is called conformally rigid. First, Cartan

proved that a hypersurface is conformally rigid if at no point does there exist

a principal curvature of multiplicity at least n - 2 (see [Ca], [CD2], or [Da]).

Using this, he concluded that a conformally deformable hypersurface is either

conformally flat or a 2-parameter envelope of spheres or planes of some very

special type. Moreover, the set of all conformai deformations is either a 1-

parameter family or there is just one other deformation.

In this paper we classify all Euclidean hypersurfaces which admit nontriv-

ial conformai deformations preserving the Gauss map. In the isometric case,

a complete classification for any codimension has been obtained by Dajczer

and Gromoll [DG2], while the conformai case, but only for surfaces, is due to

Vergasta [Ve2].

Theorem. Let f, g: M" —» R"+1, n > 3, be conformai immersions of an n-

dimensional connected Riemannian manifold with the same Gauss map. Assume

that on no open subset do they differ by a conformai diffeomorphism of R"+1 .

Then f(M") is part of one of the following examples while g(Mn) is of the
same type:

(i) a minimal real Kaehler hypersurface,

(ii) a rotation hypersurface over a plane curve,

(iii) a rotation hypersurface over a minimal surface in R3.

Minimal real Kaehler hypersurfaces have been completely classified by

Dajczer and Gromoll in [DG2]. The assumption that / and g do not differ

locally by a conformai deformation of the ambient space has been introduced

in order to produce a global result. Without that assumption, our proof shows

that the only other possibility is to have an open subset where, up to homothety
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and rigid motion, either / coincides with g or / is part of a cone and g

is obtained by an inversion with respect to tiie vertex. When the cone is triv-

ial, that is, part of an affine hyperplane, our statement reduces to the classical

theorem of Liouville.

We conclude the paper discussing the deformations themselves. From now on

all our classifications should be considered up to homothety and rigid motion.

For hypersurfaces of type (i) or (iii), the set of nontrivial conformai deforma-

tions is a 1-parameter family. In fact, for hypersurfaces of type (i) we get the

isometric associated family of minimal immersions defined in [DG2]. In case

(iii), associated to the family of nonisometric deformations, what we obtain is a

1 -parameter family of minimal surfaces such that the quotient of the distances

to a fixed axis of any two of them is the conformai factor between the corre-

sponding hypersurfaces. For each hypersurface of type (ii) there exists only one

conformai deformation preserving the Gauss map.

Finally, only one hypersurface belongs simultaneously to two different classes,

namely, the one in class (ii) obtained by rotating a catenary, which also belongs

to class (iii). Its deformation as an element of class (ii) is the round sphere.

Some partial results related to the present work have been announced in

[Vei]. This work was completed while both authors were visiting the University

of Granada. It is a pleasure to acknowledge the hospitality of the people at the

Department of Geometry and Topology.

1. The proof of the Theorem

Let f, g: M" —> R"+1 , n > 3, be two conformai immersions with the same

Gauss map. The conformai factor for the metric induced by g with respect to

the metric induced by / is the smooth function ef : M" —► R determined by

(,)s = e2H,)f.

It has been shown in [Ve?] that the map T: TM —» TM given by

T = e-"f:xoPog^,

where P stands for the parallel transport in R"+1 , is an orthogonal tensor field.

If we prefer to compare / with respect to g , then the conformai factor is e~'p

and the corresponding orthogonal tensor field is T~x .

Recall that, by Cartan's result, when n > 5 and a nontrivial conformai

deformation of / exists, then at each point the second fundamental form has

an umbilical or totally geodesic subspace of dimension at least n - 2 . To prove

our Theorem, for each possible shape of the second fundamental form, we have

to describe all admissible structures for the tensor field T.

We start with some basic results about the tensor field T. Replacing f by

-/ we see that any result for T also holds for —T. In the sequel, with respect

to the metric ( , ) — ( , )/, we denote by V the corresponding Levi-Civita

connection and by Vq> the gradient of cp .

Lemma 1. The tensor field T satisfies the following differential equation:

(1) (VXT)Y = (Y ,V<p)TX-(X,Y)TY<p,     VX,Y£TM.

Proof. This has been proved in [Ve2].    D

We say that a vector subbundle L of TM is totally umbilical on M" if

(VXY)L± = {X, Y)n
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for all X, Y £ L and some fixed section n of L± . When VXY £ L for all
X, Y £ L, we call L totally geodesic.

Lemma 2. Let L be a vector subbundle of TM with rank L>2.

(i) IfT\L = I, then Vcp el1
(ii) If L - ker(T - I), then L is integrable and totally umbilical while Lx

is totally geodesic.

Proof. Take X, Y £ L to be orthogonal. We get from ( 1 ) that

(I-T)VxY = (Y,V<p)X,

where the term on the left-hand side belongs to LL . This proves (i).

For any Y £ L = ker(T - /) we have from (1) and (i) that

(T-I)VXY = (X, Y)TVcp

for all X £ TM. It follows easily that

(VXY)L± = (X, Y)n,

where n is the solution of (T - I)n = TVtp .This implies (ii).   a

From now on, let us denote by A (resp. A) the second fundamental form

(shape operator) for the immersion / (resp. g) associated to a common unit

normal local vector field.

Lemma 3. Suppose that the relative nullity subspaces A = ker A form a subbun-

dle of TM. Then

(i)   A is T-invariant.

(ii)   VpeA.

Proof. Part (i) is a consequence of the following relation proved in [Ve2]:

(2) AoT=T~xoA.

For any unit vector field leAwe have by ( 1 )

TVcp = TVXX -VXTX + X(cp)TX.

We conclude (ii) from (i) using that the relative nullity distribution A is totally

geodesic.   D

Recall from [Ve2] that if M" is simply connected, to any solution {cp, T}

of equation (1) satisfying (2) corresponds a unique conformai deformation pre-

serving the Gauss map, given by the line integral

g(x) = i e*fi o T.
J Xn'x0

This has a consequence, which we will use several times, that any conformai

deformation g of f preserving the Gauss map is completely determined by

the pair {<p, T}.
From now on, we always assume that / and g do not differ by a conformai

diffeomorphism of R"+1 on any open subset of M" . This implies the following.
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Lemma 4. There is no open subset where f is totally geodesic.

Proof. From [Ve2] we have

(3) ~À = e~(pT~x o A

Let % be an open subset of M" where / is totally geodesic. From (3), the

same holds for g. Hence, by Liouville's theorem, the restrictions of / and g
to ^ must differ by a conformai diffeomorphism of the ambient space. But

this possibility has been ruled out.   □

The case when the conformai factor is constant, that is, / and g are iso-

metric up to homothety, has been considered in [DG2]. We state as a lemma

the following consequence of the proof of Corollary 4.12 there.

Lemma 5. Suppose that f and g are isometric. Then f and g are associated

minimal real Kaehler hypersurfaces. In particular, the tensor field T has a single

nonreal eigenvalue of multiplicity n/2.

In the following four propositions our goal is to provide a complete geometric

description whenever the second fundamental form of the hypersurface / and

the tensor field T determined by g are of some special forms. The proof of

the Theorem will reduce to showing that, in fact, no other possibilities arise.

Proposition 6. Suppose that T2 — I. Then f(M") is part of a rotation hyper-

surface over a plane curve.

Proof. From Lemma 5 we have that Vtp / 0 on an open dense subset. More-

over, by (i) of Lemma 2, the tangent bundle splits orthogonally and smoothly

as
TM = Ln~x®LL,

where, without loss of generality, we may assume T\L = I and T\L± = -I.

The leaves of L are totally umbilical submanifolds of M" by Lemma 2. We

claim that they are also totally umbilical in R"+1 . Suppose, by contradiction,

this not to be the case on an open connected subset a¿¿ c M" . Given smooth

unit vector fields X £ L and Y £ LL , we have from (1) and Vcp £ LL that

(4) Y(cp) = 2(VxX,Y).

Hence, for fixed Y the smooth function h = (VXX, Y) is well defined.

We show that the sectional curvature of the plane spanned by X, Y is given

bv

(5) K(X, Y) = Y(h)-h2.

TT    • T I UUsing Lemma 2, we have

(6) VyF = 0,     VXY = (VXY,X)X.

Computing with respect to an orthonormal frame X, Y, Xx, ... , Xn_2, we get

K(X, Y) = - (VyVxY, X) - (Vv,kF, X) + (VVrXY, X)

= -Y((VxY,X)) + (VxY,VyX)-{VxY,X)2

+ Y,(VyX,X,)(VxY,X)

= Y((VxX, Y))-(VxX, Y)2.



CONFORMAL hypersurfaces with the same gauss map 2441

By equation (2), L and Lx are /4-invariant. Thus, at any point * £

% there exists an orthonormal basis Xx, ... , Xn-X, Y of TXM, with L =

span{Xi, ... , Xn-i} , such that AX¡ = k¡X¡ and AY = pY. From the above,
kip = kjp for 1 < i, j < n — 1. Then, from our assumption, p = 0 along ^.

Hence, by (6) the leaves of Lx are geodesies of R"+1 .

From (4) and (6), we have

(7) 2X(h) = X(Y(cp)) = [X, Y](cp) = VxY(cp) - VyX(cp) = 0,

and from (5), we get

(8) Y(h)-h2 = 0.

If h vanishes at some point of %, using equations (7) and (8) we easily con-

clude that h must vanish on an open subset. Then, from (4), the same holds

for Vp , which is not possible. Set P = f + j¡Y on ^ . We have using (6), (7)

and (8) that

VXP = X + ^VXY = X+^(VXY, X)X = 0,

and

hl

where V denotes the standard flat connection on R"+1 . This shows that fi^¿)

is locally part of a cone. Moreover, from (7) and (8), we have that the tensor

field T and the conformai factor are the correspondent to an inversion with

center P. This has been excluded and proves the claim.

From the claim, A\l = kl. We argue that the set {* £ M": k(x) ^ 0} is
dense on M". We have seen, in Lemma 4, that / is not totally geodesic on

an open subset. Moreover, it can also not happen on an open subset that k = 0

and p / 0 because, in this case, we would have by Lemma 3 that Vcp — 0 on

this subset.
From the Codazzi equation and (6), we get

X(p) = (p-k)(VYY,X) = 0,     VleL.

Moreover, from (4) and (6) we have

Using the last two equations, it is easy to verify that the proof of Theorem 4.2

in [CDJ still works and shows that f(M") is part of a rotation hypersurface

over a plane curve. In fact, a slightly more general argument than the one in

[CD[] will be given at the end of the proof of Proposition 8.   □

Proposition 7. Suppose that the relative nullity spaces A - ker A form a subbun-

dle of TM of rank n-2. Then f is a minimal real Kaehler hypersurface and

g an element of its associated family.

Proof. First we only assume that A is a proper vector subbundle of constant

rank and prove that

(9) 7V^±/.
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Suppose, by contradiction, that T\A± = I. In particular, from Lemma 5, Vcp ̂

0 on an open dense subset of M" . From now on we restrict ourselves to an

open connected subset %? of M" where Vtp ^ 0 and L = ker(T -I) is a

vector subbundle of TM.
First suppose that rank A < n - 2 . Then rank L > 2 since AicL. There-

fore, Vcp £ LL by Lemma 2. Now suppose that rank A = n - 1. In this case it

may happen that rankL = 1 . Thus, LL = A, and it is still true, from Lemma

3, that Vcp £ LL . From this and equation (1), we get

(10) TVcp = (T-I)VYY,     MY£L, \\Y\\ = 1,

and

(11) VZY£L,     VY £L,VZ ±Y.

Equation (10) implies for any unit Y £ L that (VYY)L never vanishes and

does not depend on Y. Set

V = L®span{(VYY)L±}.

We claim that both V and V1- are totally geodesic on M" . Since L is

umbilical, to show that V is totally geodesic it is sufficient to verify, by the use

of (11), that VzVvF G F for a fixed unit vector field Y £ L and all Z £TM.
Let Y £ L be a unit vector field orthogonal to Y. From R(Y, Y)Y £ Ax c L

we have

VyVyY - VyVjY - V[7  y]Y £ L.

Since VyY G L and (Y, VyY) = 0, we get from (11) that VyVFF € L.
By similar arguments V,y y]7 G V. Therefore, VjVyY £ V. Using that

R(X, Y)Y = 0 for X G A, an analogous argument when X J_ Y yields

V^VyF G V.
To conclude the proof that V is totally geodesic we have to show that

VyVyY £ L. From (11) and Vtp £LL ,

Y(X(cp))-VYX(cp) = 0,     VXgL^.

On the other hand, by (10)

Z(<p) = (VYY, (I-T)Z),     \fZ£TM.

Consequently,

Y((\7YY, (I-T)X)) - (VYY, (I - T)VYX) = 0.

After a short computation, we get

(VrVyF, (I-T)X) = 0,     Viel1.

Therefore, VyVyFGLc V as we wished.

From ( 11 ) we have that Lx is totally geodesic. To conclude that also V1- is

totally geodesic it is sufficient to show that {VXX, VYY) = 0 for all X, X g

V1-. But this is clear from the fact we saw before that VXVYY g V for all

X £ TM. This completes the proof of the claim.
Since VL c A, we obtain from the claim that f(%?) is locally contained in a

Riemannian product Ck x R"~k , where k = rank V. Our next step is to show

that Ck is locally a cone. For a local unit vector field Y g L , set

(VyF)L±
VYY = (VYY)L + vr,,     for,= ||^y;¿±||.
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First we show that if/ is constant along L. We have seen that

VYVYY = VY(VYY)L + Y(if/)n + y/VYn £ L.

By computing the ^-component and using (11), we get that Y (if/) = 0. Since

if/r] is independent of Y, the statement follows.

Next we prove that n(y/) = i//2. From (11) we have

(V^,Z) = -(V,Z,?7) = 0,     VZ£L.

From V,,n £ V, we obtain the V^n = 0. A straightforward computation of

(R(n, Y)Y, n) = 0 using (11) yields the statement.

Set P = f+$tj. Then

VnP = r] + n(l/if/)r] = 0,

VzP = Z + -Vzt1 = Z + -(Vzri,Z)Z = 0,     VZ£L,

and we easily conclude that Ck is locally a cone.

To compute the conformai factor for g we consider a local parametrization

n-k

f(s,yx,... ,yk-i, tx, ... , tn_k) = P + sn(yx, ... , yk-X) + ^ tjEj,

j=i

where the F} 's are constant in the ambient space and if/ — -l/s. By (1), we

have

(12) Ej(cp) = -s(TEj,n),        j=l,...,n-k,

and

(13) M0>7(<r*,ir)--,i).
s

From (1) and (13), we get

sVEjTri = ((Tri, n) - l)TEj.

Therefore,

(14) s((Tr1,n))t¡ = ((Tr],r])-l)(TEj,r1).

In particular, (Tt], n) ^ 0 on a dense subset because otherwise (TEj, n) = 0,

which is clearly not possible.

From (1), Vr,TEj = Ej(cp)Tn, which together with (12) yields

sV,TEj = (TEj,t1)Tn.

We easily obtain that

(15) s((TEJ,r1)2)s = 2(TEj,n)2(Tr1,r]).

By the orthogonality of T,

n-k

(16) J2(TEj,t1)2 = l-(Tr,,r1)2.
7=1
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Summing up equations (15) for 1 < j < n - k and using (16), we get

(Tr1,n)s = l({Tr1,r,)2-l).

Therefore,

V -  Ç2
(17) (Tn,r])=y-^

y + s2

for some function y = y(tx, ... , tn_k). We conclude from (13) and (17) that

?<;

(18) *(*) = -7T?-

Equations (14) and (17) imply that

(19) (TEJ,n) = -^î.

Thus, by (12)

V.

72-

V,

(20) *'<'> =-7+t

From (18) and (20), we have

y + s2

for some constant a G R. In fact, composing / with a homothety, if necessary,

we may assume that a = 1 .

To obtain a contradiction we have to show that / and g agree locally by

a conformai diffeomorphism of the ambient space. First observe that g has

exactly the same geometric description as /. More precisely, / and g are

locally products of cones /' and gx of spherical immersions of a Rieman-

nian manifold Nk , respectively, by an Euclidean factor Rn~k . This is easily

obtained by reasoning with g instead of / and using that L = ker(r_l - /).

We claim that y(0) = 0. For the Levi-Civita connection V of the metric

induced by g, it is a standard fact that

VyF = VyF- Vç».

We have seen that the Lx-component of VyF must have the direction of a

geodesic line. Taking local coordinates as before and using the expressions of

if/ and Vtp in these coordinates along tx = • ■ ■ = tn_k = 0, we have

\j/r¡- Vcp = ( — + —^—y ) n + —7TT--Vy(0).
\   s      y(0) + s2J        y(0) + s2

An easy computation shows that the vector fields i//r¡ - Vcp , (if/r] - Vcp)s are

linearly dependent if and only if Vy(0) = 0. On the other hand, by (17) and
(19), equation (16) becomes

l|Vy||2 = 4y,

from which we conclude that y(0) = 0, as we wanted.

Using (17) we get that Tn — -n along tx = ■ ■ ■ = tn_k = 0. Since <p and T

determine completely the deformation, we see up to homothety and isometric
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congruence that gx is the composition of fx with an inversion with respect to

the vertex of the cone. On the other hand, from equation ( 1 )

(21) (VZT\L,)L± =0,     \fZ£L.

If n - k > 3, by Liouville's theorem, T restricted to each fiber of L^ must

be, up to the conformai factor e* = l/s2, the differential of an inversion com-
posed with an orthogonal transformation. By the above, the inversion must be

taken with respect to the vertex of the cone and the orthogonal transformation

acts on the Euclidean factor Rn~k . Moreover, the orthogonal transformation

is constant along Nk because of (21). The same result holds for n-k = 2. In

this case, (\/s2)T is the differential of either a holomorphic or antiholomor-

phic function defined on an open subset of a plane, and the remainder of the

argument is straightforward. In both cases, we conclude that g differs from

/ by a composition of a rigid motion with this inversion. This concludes the

proof of (9).
From now on we assume that A has rank n - 2, and show that

(22) det(7V) = l.

Let us suppose, by contradiction, that there exist smooth local vector fields

YX,Y2£ A± such that TYX = Yx and TY2 = -Y2. From (1) and Lemma 3,
we get

(23) Vy, F, - 7/Vy, F, = -TVcp = -VYlY2 - TVYlY2.

Hence,

(Vy1y1,y2) = o = (Vy2y2,y,).

We conclude that VyT, G A, 1 < i, j < 2. On the other hand, from (2)
we have that A Y¡ = p, Y¡, where pxp2 / 0, everywhere. Then, the Codazzi

equations imply

ß2(VYJ2,X) = px(VYJx,X),     va-ga.

Thus Vy,Y2 and Vy,y  are always linearly dependent. But by (1)

tvYi y2 = - Vy, y2,   TVy2 y, = Vy2 y,.

Hence, Vy,Y2 = VYlYx = 0. Therefore,

(24) pxp2 = (R(YX , Y2)Y2, Yx) = -(VYJX , VYlY2).

From (23),

r(Vy,y, - vYiy2) = Vy,y, + vYj2.

The orthogonality of T implies that the last inner product in (24) vanishes.

This is a contradiction and concludes the proof of (22).

All we have to show to obtain the proof of the proposition from Lemma 5 is

that Vcp = 0. From (22) we have that T\&± is a rotation Re for some smooth

function 8. Hence,

TYX =cos6Yx +sinöy2,     TY2 = - sin6YX +cos6Y2,

where Yx , Y2 £ A-1 are smooth orthonormal vector fields such that

AYx=pYi,     AY2 = -pY2.
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From the Codazzi equations for any X g A,

(VYlYx,X) = ^- = {VYlY2,X),

(VYiY2,X) + (VY2Yx,X) = 0.

In particular, the A-component of VYY is independent of the unit vector field
y G Ax . Set

(VYY)A = 4>X0,     (VYlY2)A = -(Vy2y,)A = yXx,

where Xo, Xx are unit vector fields. In particular,

(25) yTXx = (TV y, Y2f = (VYlTY2)A =-(f> sin 8X0 + y cos 8XX.

We claim that 6 = constant, 4>2 = y2 and (Xo, Xx) = 0. From (1), we have

VXTYX - TVXYX =0,     VA G A,     TVcp = TVyT, - VYTY,,     i = 1, 2.

By the preceding equations we have that 8 is constant and

(26) TX?(p = (f>TXo-(p!cosdXo-ysin6Xx.

By taking the inner product of (26) with yTXx and using

0 = [Yx, Y2](<p) = VYJ2(cp) - Vy2y,(p) = 2yXx(cp),

we get from (25)

(27) (<t>2 - y2) cos 6 + 2y4>sin 8{X0, Xx) = 0.

On the other hand, from (25)

y2 = cb2 sin2 0 + y2 cos2 6 - 2<t>y sin8 cos8(X0, Xx),

which together with (27) shows that <j>2 = y2. By (26), V<p = 0 at any point
where 4> — 0. Hence, we may restrict ourselves to the open subset where

(f> ̂ 0. We conclude that (Xo, Xx) — 0 from (27). This completes the proof

of the claim.
We may assume 4> = y without loss of generality. From (26).

TV<p = <P(TXo-ß),

where ß = cos 8Xo + sin 8XX . Suppose that TXo - ß / 0 on a nonempty open

subset. We claim that for all Y £ A1 it holds that

(VYS)A = 0,    whem^   rc°:%r
W1 ̂o - A» II

Since A is totally geodesic, we have

(28) Y(X(<p))-VYX(cp) = Q,     VleA.VFeA1.

If in addition X J_ Vcp , we get using (28)

0 = Y(X, Vcp) = (VYX, Vcp) + (X, VYV<p)

= Y(X(cp)) + (X, VYV9) = (A, VYV<p).

Thus

(29) (VyVçj)A G span{V<p}.
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From (1)

(30) (VYTV<p)A = (TVYV<p)A,

and the claim follows easily from (29) and (30).
We recall from [DGi] (see Lemma 2.2) that any minimal Euclidean hyper-

space whose second fundamental form has constant rank 2 can be, at least

locally, parametrized by the Gaussparametrization if/: A —► R"+1 as

i//(x, w) = y(x)h(x) + Vy(*) + w.

Here A is the normal bundle of a minimal surface h: N2 —* S" c R"+1 and

y any smooth function on N2 satisfying Ay + 2y = 0. The fibers of A can

be identified by parallel translation in R"+1 to the leaves of the relative nullity

foliation. In our case and by this identification, the vector fields Xq , Xx and

ô can be seen as normal vector fields to h . A similar argument as in the proof

of Proposition 2.1 of [DG2] shows that Xq and Xx span the first normal space

A^1 of h at each point. Recall that A^1 is just the normal subspace spanned by

the image of the second fundamental form. So, in particular, A^1 is everywhere

two dimensional. Moreover, under this new viewpoint, the claim we just proved

says that S is parallel in the normal connection of h . By definition, ô has a

nonzero projection on A^1 at each point. From this and the Ricci equation, we

easily conclude that h must have flat normal bundle. But this is a contradiction

since a minimal surface with flat normal bundle must satisfy dim A^1 == 1 .    D

Proposition 8. Suppose that L = ker(T2 -/) îs a vector subbundle of rank n-2

such that the second fundamental form satisfies A\l = kl with k^O everywhere.

Then f(Mn) is part of a rotational hypersurface over a minimal surface in R3.

Proof. We claim that

(3i) x(cp) = 2(vyy, x),   v*GL,vy g L-1, ||y|| = i.

From equation (1), we get

(32) X(<p) = (VYY,X)-(VYTY,TX),     VA G L, Vy G Lx , ||y|| = 1.

For any smooth local orthonormal basis Y, Z £ LL there exists a smooth

function 8 such that

TY = cos8Y + sin8Z ,     TZ = - sindY + cosdZ.

Hence, for all X £ L ,

(33) (VyTY, A) = cos0(Vyy, A) + sin Ö(VyZ , A),

and

(34) (VYTZ, X) = -sin6>(Vyy, A) + cos ö(VyZ , A).

Again from ( 1 ) we have

(VYTZ, TX)-(VYZ, X) = 0,     VAgL,

which together with (34) gives

(35) (cos0± l)(VyZ, A) = sinÖ(Vyy, A),     ifTX = ^X,

and the claim follows from (32), (33) and (35).
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By (2) at any point there exist orthonormal vectors YX,Y2£ L^ such that

AYx=pYx,     AY2 = -pY2.

On the open dense subset where the vector fields Yx, Y2 can be taken locally

to be smooth, the Codazzi equations yield

X(p) = (p- A)(Vy, 7X, X) = (fi + k)(VY2Y2 ,X),     Viel.

Clearly, from (31) and the above we have on any open subset where p is smooth

that

t'<%£\ —     -  «- t±(36) Vp,Vtp£L±.

We claim that T\l — ±/, which is trivial for n = 3. Suppose that, on

some open subset, there exist smooth unit vector fields Xx, X2 g L such that

TXX — Xx and TX2 — -X2. From (1) and (36) we get

(37) (/ - T~x)(VXlXx)L± =Vtp = (I + T~x)(VXlX2)L±.

On the other hand, by the Codazzi equations we have, for any unit X £ L,

(38) Yx(k) = (k-p)(VxX,Yx),     Y2(k) = (k + p)(VxX,Y2).

If on an open subset k / ±p, we obtain from (38) that (VXX)L is inde-

pendent of X. From this and (37), we conclude that Vcp = 0, which is a

contradiction by Lemma 5. If k = ±p on an open subset, from (3) we have

that both e~^k and -e^k are eigenvalues of A with multiplicity at least 2.

Then the results in [Ry] imply that g is totally geodesic on this subset. Thus

the same happens with /, which contradicts Lemma 4 and proves the claim.
Without loss of generality we assume that T\l = /. By Lemma 2, L and Lx

are integrable distributions where LL is totally geodesic on M" . In particular,

since L is /í-invariant, we have that

VyX £L,     VAgL, Vy £LL.

Therefore, each leaf of Lx is a surface in a 3-dimensional affine Euclidean

space orthogonal to L.
If n > 4, from Lemma 2 and the hypothesis of the proposition, the leaves

of L are spheres. It remains to show that they are circles when n = 3 which

we will do later. For unit vector fields £ normal to / and A g L, set

a = kÇ + (VXX)L±.

From (37) we get that (VXX)L is independent of X £ L. We prove next that

the locus of centers of these spheres given by

r= /■+—Lye
J   Ikll2

is contained in a fixed plane. Until the conclusion of the proof let X £ L be

of unit length. A straightforward computation of

(R(YX, X)X, Yx)=kp = -(R(Y2,X)X, Y2)

yields

(39) y,((V^A, y,)) = ^ + (V^A, YX)2 + (VXX, Y2)(VYlYx,Y2),
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and

(40) Y2((VXX, Y2)) = -kp + (VxX, Y2)2 + (VXX, Yx)(VYlY2, Yx).

By a similar way, from (R(Y¡, A)A, Yj) — 0, i ^ j, we get

(41) Yt((VxX, Yj)) = (VXX, Y,)((VXX, Yj) - (Vy,.y, Yj)),        i¿j.

From (9), we have that p ^ 0. So the Codazzi equations yield (VXYX, Y2) =

0, which, together with Lemma 2, gives

(42) VXY1 = (VXY1,X)X,        1 = 1,2.

In particular, by (36) and (42), we have

(43) X(Yi(<p)) = 0 = X(Yi(p)),        i =1,2,

because X(Y¡(cp)) = VxY¡((p) - VYjX(ç>) = 0, and similarly for p .
From(l) and (36),

( A(0) = O,

\  Yx(8) = (cos8-\)(VxX, Y2)-sin8(VxX, Yx),

l Y2(8) = (\ -cos0)(VxA, Yx)-sin8(VxX, Y2),

By (43), we have

f (l-cosö)A-((VxA, y,))-sinöA((VxA,y2)) = 0,

l (l-cos8)X((VxX,Y2)) + sin8X((VxX,Yx)) = 0.

Therefore,

(44) A((V^A,y;)) = 0, / = 1, 2.

From the Codazzi equations,

Y,(p) = 2p(VYjYj,Yi),        i¿j.

Thus, using also (36) and (42), we get

2pX((VY¡Yj , y)) = X(Yj(p)) = VxY,(p) - VYlX(p) = 0.

Now an easy computation using also (36), (39), (42), and (44) shows that

(45) A(A) = 0,     VAgL.

After a straightforward computation, we obtain from (38), (39), (40), (41), (42),

(44) and (45) that

(46) Vy,c7 = (V*A,y>,     X7xo = -\\o\\2X.

Set

rli = (VxX,Yi)í-kYi,        i =1,2.

From (42), (44) and (45) we get that Vxn, = 0 for any X £ L. On the other

hand, an easy calculation using (38), (39), (40) and (41) shows that Vyy/?, G

il = span{f7!, n2}, 1 < i, j < 2. Thus Q, is a fixed plane orthogonal to L and

a . From (46), we obtain

(47) A(||a||2) = 0,     y;(||a||2) = 2(V^A,yj)||a||2.
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At this point we are in position to show that for n = 3 the integral curves of L

are circles. This follows from V XX = a and the first equation in (47). From

(46) and (47)

~   ~     n      =l   r     v      (V*A", Yj)V^=0,     VYiT=Yj-       |H|2      o,        , = 1,2.

Since the vectors VyX are orthogonal to L and a , we conclude that the centers

of the spheres lie in Q.   D

Proposition 9. Assume that n = 4. If ker(T2 - I) = 0 everywhere, then f is a

minimal real Kaehler hypersurface and g an element of its associated family.

Proof. The tangent bundle splits orthogonally and smoothly as TM = LX@L2,

where the restriction of T to each summand is a rotation. By (2) there exist at

each point orthonormal vectors Xx, X2 g Lx and Yx ,Y2£ L2 such that

(48) AXX = kXx ,     ^A2 = -AA2,     AYX = pYx ,     AY2 = -pY2.

Since g is minimal from (3), both immersions are real analytic. Suppose that

the conclusion of the proposition does not hold. By Lemma 5, there does not

exist a nonempty open subset where Vcp = 0. From Lemma 4 and Proposition

7, the open subset {* G M": k(x)p(x) / 0} is dense. On this subset we can

take the vector fields and functions in (48) to be smooth. Set

TXX = cos aX\ + sin aA2 ,     TX2 = - sin aXx + cos aA2 ,

TYX = cos öy + sin 8Y2,      TY2 = - sin 8YX + cos8Y2,

where sin a sin 8 ^ 0 everywhere. From ( 1 ) we obtain

(49)
(cosacosö - l)(rj, - T^2) + cosasinö(r,, - r22)

+ sin a cos o(r¡2 + r21 ) + sin a sin f?(r22 + T\x ) = 0,
M
2

+ sinQCOS0(r22 + r2,) - sinasinÖ(r|2 + r21) = 0,

(cosacosö - l)r¡2 + cosasinf?r22 - sinacosör^ - sinasinör2[ = 0,

(cosa cosö - l)r22 - cosa sin örj2 - sinacosör2[ + sinasinf?r¡, = 0,

(cos a cosö - l)r21 +cosasinör2, + sinacos#r22 + sinasinör22 = 0,

(cos a cosö - 1)1*2] ~ cosasinör21 + sin a cos ör^ - sin a sin f?r22 = 0,

where r* = <V^, Yk) for l<t,j,k<2.

From (49), we get

(50) (cosa-cos ö)(r{2+rJ21) = 0, 7=1,2.

Now, again from ( 1 )

A(0) = O,    VAgL,,     F(a) = 0,    vyGL2,

and

Xx(cp) = X2(a),     X2(<p) = -Xx(a),     Yx(cp) = Y2(8),     Y2(<p) = -Yx(8).

This shows that Vcp = 0 on any open subset where cosa = cosö. Thus, by

(50)

(51) n2 + r2i=°.        7=1,2.

(cosacoso - l)(r2, - T^2) - cosasinf7(r¡[ - T22)
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On the other hand, by the Codazzi equations we have

(52) (p + k)Y\j = (p-k)rji,        ifj.
f J

From (49), (51) and (52) we obtain that T% = 0 for 1 < i, j, k < 2. Then,

using (1) once more, we get that Y(cp) = 0 for all y £ L2. Analogously, we

have X(cp) = 0 for all X £ Lx . This is a contradiction.   D

Proof of the Theorem. First we restrict ourselves to the case n > 5 . Moreover,

we assume that the conformai nullity vc(x) of / at * G M", defined by

vc(x) = max{dimker(^4(*) - kl)} ,
A6R

is constant in M". Let us denote by W the subbundle of TM of rank uc

where ^4A" = kX for all X g W. By Cartan's conformai rigidity theorem

stated in the introduction we only have to consider three cases.

Case vc = n - 2. We assume further that either (a) k = 0 or (b) k ± 0,

everywhere. In situation (a) we have from Proposition 7 that / and g are

as in part (i) of the Theorem. We aim to show that under assumption (b) the

hypersurface is as in part (iii) of the Theorem. By equation (2),

(53) A(T-T~X)X = -k(T-T~x)X,     Vlelf.

Thus, (T - T~X)X £ W-1. Al we have to show is just that the linear transfor-

mation S = T - T~x : W —> Wx vanishes everywhere. In fact, if S = 0 we

have that W c ker(T2 - /). Moreover, if W ± kex(T2 -I), we get that T2 = /

and conclude from Proposition 6 that vc > n - 1, which is not possible. So

W = ker(T2 - I) and this case follows from Proposition 8.

If the dimension of Im S is 2 on some open subset, we have from WL =

ker(^ + kl) that -k is a principal curvature of multiplicity 2. This is not

possible by the results in [Ry]. It remains to consider the much more difficult

case when Im S is a line bundle along an open subset W c M" . By (2) and (53)

there exist local orthonormal vector fields Yx g W, Y2 g Im S and Zo G W^-,

such that the tangent bundle splits orthogonally and smoothly as

TM = kerS e span{y, , Y2 , Z0},

where AYX = kYx , AY2 = -kY2, AZo = pZo and p ^ k everywhere. More-
over, as above, p / -k on a dense subset of ^ .

We want to verify that TZq = ±Zn. Since kerS is T-invariant, (ker5')-L

is three-dimensional and T2 ^ I, there exists a unique, up to sign, unit A"n G

(kerS)-1 such that TX0 = ±A0. From (2) we have TAXo = ±AXo. Hence,

A0 and AXo are linearly dependent and we conclude that Zo = ±Ao, as we

wished.
Next, we show that

(54) {* g Mn : p(x) ¿ 0} = dense.

Suppose otherwise. From the above, V = ker(T2 - I) = kerS © span{Zo}.

Thus, it follows easily from (31) that

(55) (Vy,y2,z0) + (Vy2y1,z0) = o.

By Lemma 3 and our assumption, Vcp £ span{Z0}. Hence, (55) implies

(56) 0 = [y , Y2\(<p) = 2(Vy, y2 , Zo)Zo(cp).
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From (31), (35) and (56) we get that V<p = 0. This is in contradiction with

Lemma 5.

Without loss of generality, we assume that TZq = -Zq . Next we prove that

(57) kerS' = ker(r-/).

To see this all we have to do is to show that

(58) K(Z0,Y) = K(X,Y),     VA G ker(r + /),  Vy G V± ,

and then use that p ^ k ^ 0 to conclude the statement.

From the Codazzi equations, we get

0 = X(k) = 2k(Vy2Y2,X),     VAGkerS,

and

(k - p)(VYl y,, Z0) = Z0(k) = (k + p)(Vy2Y2, Zo).

We obtain from the above equation, (31) and (54) that, along %,

(59) Vcp £ Fx.

Let  Zo, Zi, ... , Z„_3 G  V  be local orthonormal vector fields such that

TZj = ±Z,, 0 < i < n - 3. From ( 1 ), we have

Vz,rz7-rvz,z, = o,      ¿¿j.

Thus,

(60) (VZiZj)v± =0,        i^j.

On the other hand, by (31), (35) and (59) we have that V1- is totally geodesic
on M" . A straightforward computation using this fact and (60) yields

K(Z,, Y) = Y((Vz,Zi, y» - <(Vz,Z/)KX , VYY) - (VZ,Z,-, Y)2.

Now, if A G ker(T + /), we get from (1) and (59) that

(/ + T)VZoZ0 = TVcp = (/ + T)VXX.

Thus,

(Vz0Zo)K" = (V*A)FX ,

which proves (58).
By (57) and Lemma 2

(61)
(Vz0Z0, A") = (VyZo, A) = (Vx,Zo,X) = 0,     Vy G Fx, VA ± A' G kerS.

Equations (1) and (59) imply that

(62) VxZ0 = 0,    VAGkerS.

From (61), (62) and the Gauss equations, we obtain

(63) kp = (VzVZoZ0, A) = -(VZoZ0 , VxA)

for any A g kerS. On the other hand, from (1) and (59), we have

r(V*A - VZoZ0) = V*A + VZoZ0.

By the orthogonality of T we get that (VZoZ0, VXX) = 0. Therefore, from

(63), we obtain that p = 0. This is a contradiction and proves that S = 0.
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Case vc = n - 1. From (9), k ^ 0 on a dense subset of Mn . Hence,

by (53), we have that (T - T~X)X £ W1- for any A G W. As before, set

S = T - T~x : W —» WL . In addition, let us assume that either (a) S = 0 or

(b) S t¿ 0 everywhere. If (a) holds, from Proposition 6, the hypersurface is as

in part (ii) of the Theorem. If (b) occurs, the hypersurface is of type (iii) by

Proposition 8.

Case vc = n . In this trivial situation / is part of a sphere which can be seen

as a rotational hypersurface of a circle and (53) implies that T2 = I.

We have shown that, on any connected component of some open dense subset,

the image of / is part of either a real Kaehler minimal hypersurface, a rotational

hypersurface over a plane curve or a rotational hypersurface over a minimal

surface in a 3-dimensional Euclidean space. By Lemma 5 and the proofs of the

preceding propositions, along each component we have only one of the following

possibilities:
(A) TM = Lx 0 • • • e Lnj2 , where T\L¡ = Rg , rankL, = 2 , and 8 £ R is

constant,

(B) TM = Leii, where T\L = I, T\L± = -I and rankL = n - 1,
(C) TM = Le Lx, where L = ker(T2 -1) = ker(T -1) and rankL = n-2 .
Clearly, any two of the above types cannot be smoothly attached. It follows

that the tensor field T has the same structure everywhere. We conclude that

f(Mn) is globally as either (i), (ii) or (iii) in the Theorem.

Next, we consider the case n = 4. Assume further that the subspaces L =

ker(T2 - /) form a subbundle of TM. We have to distinguish between three

possibilities: (a) L = TM, (b) L = 0 or (c) rankL = 2. In the first case, by
Proposition 6, f(M") is of type (ii) in the Theorem. If (b) occurs, f(Mn) is

of type (i) by Proposition 9.
Finally, we assume that (c) holds. We claim that L is umbilical but not totally

geodesic in the ambient space. Assuming the claim, it follows from Proposition

8 that f(M") is of type (iii) in the Theorem. By Proposition 7, neither L = A

nor L1- = A. From (2), we can take smooth local orthonormal vector fields

A"[, A2 G L and YX,Y2£LL , such that TX¡ = ±X¡, ,4 A, = A,AT,, AYX = pYx
and AY2 = -pY2 .

We show that T\i = ±1. Suppose otherwise and assume that TXX = Xx ,

TX2 = -A2. From the Codazzi equations, we get

(p - A,)(Vy, y, a-,) = Xi(p) = (p + A,)(Vy2 y2, A,),      i-1,2.

By the above and (31), we have

(64) MVyjYj, A,-) = 0, /,7'=1,2.

Suppose initially that kxk2 ̂  0. From (31) and (64) it follows that Vcp £ Lx .

Hence, by (1), we obtain

VXlX2 = VX2Xx=0.

Now, the Gauss equations imply

(65) AiA2 = -<Vjf,^,,V^2>.

Again from (1), we get

(r-/)(vAr,A1) = (r + /)(v^2A2).
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Since T is orthogonal, the inner product in (65) must vanish. This is a contra-

diction and shows that kxk2 = 0 everywhere.

From the beginning of the proof of the claim there is no open subset of M"

where kx = k2 = 0. Therefore, by (9), there is an open dense subset where

kx = 0, k2 ^ 0 and p ^ 0. As in the proof of (54) we obtain that V<p = 0,
which is a contradiction. Hence, we may assume T\i = -/ , and using that

Vcp £ L±, we conclude from (58) that L is umbilical in the ambient space.

This proves the claim.

We have to argue that the different cases above cannot be smoothly attached.

To see this, first notice that in case (a) we have det(T) = -1 while in the other

cases det(T) = 1. Also observe that in situations (b) and (c) the immersions

are real analytic. Then, we may use that in case (b) the immersion is minimal

while in situation (c) the mean curvature does not vanish.

It remains to consider the case n = 3. If T2 = I along Mn , then f(Mn)

is of type (ii) in the Theorem. Otherwise, we have an open subset where L =

ker(T2 - /) is a subbundle of rank 1. From Lemma 4 and (9) there is no

open subset where / is either totally geodesic or Lx = A. By equation (2),

we may take local orthonormal vector fields X £ L and Yx, Y2 £ LL , such

that AX = kX, AYX = pYx and AY2 = -pY2, where p¿0, TX = X and
T\L± = Rq . Now, the same argument used to prove (54) shows that k ^ 0 on a

dense subset of M" . From Proposition 8, we have that / is of type (iii) in the

Theorem along each connected component of the subset {* G M" : /(*) / 0}.

Again we have to verify that hypersurfaces of types (ii) and (iii) cannot have

a common boundary. If that happens, the leaves of LL are spheres on one side

and a minimal surface on the other. Therefore, both hypersurfaces can only be

attached along a leaf. In this case, analyzing the behavior of the tensor T it is

not difficult to see that we must have p = 0, which is not possible.

To finish the proof of the Theorem we have to argue that g(M") is, in any

case, of the same type as f(M"). But this follows easily from the fact that the

tensor field T~x has the same structure as T and the vector subbundle L in

Proposition 8 is also umbilical but not totally geodesic for g as follows using

equation (3).   D

We conclude this paper proving the statements in the introduction about the

set of conformai deformations. If / is a rotation hypersurface without um-

bilical points, we have seen in the proof of Proposition 6 that T must satisfy

T\L = I, where L is the maximal umbilical subbundle of TM. Furthermore,

(4) determines the function cp . Hence, at most one deformation g is possi-

ble. Let (a, ß) be any parametrization for the plane curve that generates /.

Then the desired deformation is the hypersurface obtained by the rotation of

(1/a, ß), where

J=- ¡\ß'/a2)dx.
Jx0

Notice that this deformation is well defined even if / has umbilical points. In

particular, if we take (sin /, cos i) as the generated curve for the unit sphere, the

resulting deformation is the hypersurface obtained by rotation of the catenary

(1/sin/, logtan(//2)).
Now let / be a rotational hypersurface over a minimal surface in R3 with

conformai nullity n-2 everywhere. As in the proof of equation (31), take unit
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vector fields X £ L and Yx, Y2 g Lx . A straightforward computation shows

that equations (39), (40) and (41) are satisfied. These equations are precisely

the integrability conditions of the system

fX(8) = 0,

(66) I  Yx(8) = (cos8-l)(VxX,Y2)-sin6(VxX,Yx),

{ Y2(8) = (I - cos8)(VxX, Yx) - sin8(VxX, Y2),

and show that 8 is a harmonic function defined on the minimal surface that

generates /. We argue that the system

(67) VcP£L±,     Yx(<p) = Y2(8),     Y2(cp) =-Yx(8)

is also integrable. In fact, the function <p is harmonic conjugate to /. For

each solution of (66) we define T by T\l = I and T\L± = R$, and take
the solution of (67). Using (66) and (67) one can verify that {cp, T} satisfies

equation (1), while condition (2) follows directly from the definition of T.
Notice that distinct solutions of (66) do not differ by a constant. So, restricted

to any simple connected subset of M" , we have precisely a 1 -parameter family

of deformations. For the proofs of Proposition 8 and the Theorem, one can

see that any deformation g must agree with one of the elements of this family.

Also from (66) and (67) we have that in the family of deformations no one is

isometric.
Now let (a(y, z)Q>(x), b(y, z), c(y, z)) be a parametrization of /, where

O = <P(*) is any parametrization of the (n - 2)-dimensional unit sphere and

(a, b, c) is a minimal surface in isothermal coordinates. A solution of (66) is

a function 8 = 8(y, z) which satisfies

8y = (ay/a)sin8 + (az/a)(l - cos8),

6z = (az/a)sin8 - (ay/a)(l - cos8).

For each 8 , the corresponding deformation g can be parameterized by

(a(y,z)Q>(x),ß(y,z),y(y,z)),

where (a, ß,y) is a minimal surface in isothermal coordinates which verifies

' a = ae^ ,

ßy = ef(cosdby + sin6bz),

<   ßz = ei>(-sin8by + cos8bz),

y y = ^(cos 8cy + sin 8bz),

• yz = e'p(-sin8cy + cos6cz).

So we get a conformai transformation between isothermal minimal surfaces

which preserves the Gauss map and whose conformai factor is given by the

quotient of the respective distance functions to a fixed axis.
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